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Abstract
A finite subset X of the Euclidean space is called an s-distance set if the number
of the distances of two distinct vectors in X is equal to s. An s-distance set X is said
to be maximal if any vector cannot be added to X while maintaining s-distance. We
investigate a necessary and sufficient condition for vectors to be added to the regular
simplex such that the set has only 2 distances. We construct several maximal 2-distance
sets that contain the regular simplex. In particular, there exist infinitely many maximal
non-spherical 2-distance sets that contain both the regular simplex and the representation
of a strongly resolvable design. The maximal 2-distance set has size 2k2(k + 1), and the
dimension is d = (k − 1)(k + 1)2 − 1, where k is a prime power.
Key words: Maximal distance set, quasi-symmetric design.
1 Introduction
A finite subset X of the Euclidean space Rd is called an s-distance set if |A(X)| = s, where
A(X) = {d(x,y) : x,y ∈ X,x 6= y}
and d(x,y) is the Euclidean distance of x and y. The size of an s-distance set in Rd is bounded
above by
(
d+s
s
)
[7, 4]. The major problem of s-distance sets is to determine the largest possible
s-distance set. If the size of an s-distance set in Rd is at least 2
(
d+s−1
s−1
)
+ 2
(
d+s−2
s−2
)
, then
kj =
∏
i=1,...,s,i 6=j
α2j
α2j − α2i
is an integer, where A(X) = {α1, . . . , αs} [17]. This result for s = 2 is proved by Larman–
Rogers–Seidel [13]. The value kj is called the LRS ratio. The LRS ratio is useful to charac-
terize large s-distance sets. There are only finitely many s-distance sets whose size is at least
2
(
d+s−1
s−1
)
+2
(
d+s−2
s−2
)
[17]. Largest s-distance sets are known for (s, d) = (1, any), (≤ 6, 2), (2,≤
8), (3, 3) [8, 9, 14, 20, 21, 22, 24].
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Table 1: Maximal 2-distance set that contains Rd
d size LRS ratio added set
7 29 2 J(8, 3) (Largest 2-distance set in R7)
8 24 2 Hadamard matrix of order 8
8 30 2 Largest 2-intersecting family
8 45 2 J(9, 2) (Largest 2-distance set in R8)
23 144 3 2-(21, 7, 12) design
24 278 3 4-(23, 7, 1) design
26 280 3 4-(23, 7, 1) design
26 280 3 The complement of 4-(23, 7, 1) design
31 110 3 3-(22, 6, 1) design
31 286 3 The complement of 4-(23, 7, 1) design
48 302 3 The complement of 4-(23, 7, 1) design
k3 + k2 − k − 2 2k2(k + 1) k 2-(k3, k2, k + 1) design
There are large s-distance sets on the sphere Sd−1 that are obtained from representations
of association schemes (see [5, 3]). In particular, the representations of the Johnson schemes
of class 2 on d + 1 points are largest 2-distance sets in Sd−1 except for d = (2k + 1)2 − 3
and k ∈ N [11]. A systematic construction of non-spherical s-distance sets is not known in
the literature. One of ad hoc constructions is to add vectors to a non-maximal spherical
s-distance set while maintaining s-distance. Here an s-distance set X in Rd is maximal if
there does not exist x ∈ Rd \ X such that X ∪ {x} is still s-distance. Maximal s-distance
sets for s = 2, 3, 4 containing the representations of the Johnson schemes of class s and the
Hamming schemes of class s are investigated in [6] and [1], respectively. In this paper, we
consider 2-distance sets that contain the regular simplex. A largest 2-distance set in R8 with
45 points [14] attains the bound |X| ≤ (d+s
s
)
, and it contains the regular simplex.
Let Rd be the regular simplex in R
d. There are many choices of x ∈ Rd such that
Rd ∪ {x} has only 2 distances. We suppose that the LRS ratio is an integer in order to find
large 2-distance sets. First we prove that for fixed LRS ratio k, there exist only finitely many
dimensions d where there exists a 2-distance set containing Rd with at least 2d + 2 points.
For k = 2, the possible dimensions are d = 7, 8. We give largest 2-distance sets containing
Rd for d = 7, 8. For k = 3, the possible dimensions are d = 23, 24, 26, 31, 48. In this case,
we construct maximal 2-distance sets containing Rd by adding the representation of a quasi-
symmetric design, see Table 1. In particular, there exist infinitely many dimensions d where
there exists a maximal 2-distance set containing both Rd and the representation of a strongly
resolvable design.
2 Vectors that can be added to the regular simplex
Let {e1, . . . , ed+1} be the standard basis of the Euclidean space Rd+1. Let Hd denote the
affine space {(x1, . . . , xd+1) ∈ Rd+1 |
∑d+1
i=1 xi = 1}. Note that Hd is isometric to Rd. Let
Rd denote the set {e1, . . . , ed+1}, which is interpreted as the d-dimensional regular simplex
in Hd. The set Rd is a 1-distance set with distance
√
2. We investigate a maximal 2-distance
set in Hd that contains Rd.
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Suppose there exists x = (x1, . . . , xd+1) ∈ Hd such that Rd∪{x} has only 2 distances
√
2,√
α. For distinct i, j ∈ {1, . . . , d+ 1}, it follows that
d(x, ei)
2 − d(x, ej)2 = 2(xi − xj) ∈ {0,±(α − 2)},
and |xi − xj| ∈ {0, |(α − 2)/2|}. Let β = (α − 2)/2, and note that β 6= −1, 0 from α 6= 0, 2.
The vector x must be an element of the set
Td(k, β) = {x ∈ Hd : ∀i, xi ∈ {c, c + β}, |N(x, c)| = k},
for k ∈ {1, . . . , d+ 1}, where N(x, a) = {i : xi = a}, and
c =
1
d+ 1
− d+ 1− k
d+ 1
β.
For i ∈ N(x, c), j ∈ N(x, c + β), we have
d(ei,x)
2 − d(ej ,x)2 = 2β = α− 2.
This implies d(ei,x)
2 = α and d(ej ,x)
2 = 2. It follows from d(ej ,x)
2 = 2 that
β =


k±
√
k(d+1)(d+2−k)
k(d+1−k) 6= 0, if 1 ≤ k ≤ d,
− d+22(d+1) , if k = d+ 1.
From 1 ≤ k ≤ d+ 1, we have
k −√k(d+ 1)(d+ 2− k)
k(d+ 1− k) = −
d+ 2
k +
√
k(d+ 1)(d + 2− k) ≥ −1,
and the equality holds only if k = 1. By β 6= −1, it follows that β = 1 + 2/d for k = 1.
Therefore we have the following.
Proposition 2.1. Let d, k be integers with d ≥ 2, 1 ≤ k ≤ d+ 1. Let β be defined to be
β =


k±
√
k(d+1)(d+2−k)
k(d+1−k) , if 2 ≤ k ≤ d,
1 + 2
d
, if k = 1,
− d+22(d+1) , if k = d+ 1.
(2.1)
Then, x is an element of Td(k, β) if and only if Rd ∪ {x} is a 2-distance set in Hd.
We consider when 2 elements x, y of Td(k, β) can be simultaneously added to Rd while
maintaining 2-distance. Let l = l(x,y) = |{i : xi 6= yi}|/2 for x = (x1, . . . , xd+1), y =
(y1, . . . , yd+1). One has
d(x,y)2 = 2lβ2 ∈ {2, α},
and l ∈ {1/β2, (β + 1)/β2}. Thus the following follows.
Proposition 2.2. Let l, Td(k, β), and Rd be defined as above. Suppose d, k, and β satisfy the
condition from Proposition 2.1. Let X be a subset of Td(k, β). Then, Rd ∪X is a 2-distance
set if and only if l(x,y) ∈ {1/β2, (β + 1)/β2} for any x,y ∈ X with x 6= y.
3
3 Maximal 2-distance sets that contain the regular simplex
Larman–Rogers–Seidel [13] proved that if a 2-distance set X in Rd has at least 2d+4 points,
then for 2 distances a, b with a < b, there exists an integer s such that a2/b2 = (s− 1)/s and
2 ≤ s ≤ 1/2 +√d/2. The condition |X| ≥ 2d + 4 is improved to |X| ≥ 2d + 2 [15]. The
integer s is called the LRS ratio of a 2-distance set. In this section, we construct a maximal
2-distance set X with |X| ≥ 2d+ 2 that contains the regular simplex.
We construct a 2-distance set by adding elements of Td(k, β) to Rd. We prove that if the
LRS ratio s is fixed, then there exist finitely many choices of (d, k, β).
Theorem 3.1. Let Rd be the regular simplex {e1, . . . , ed+1}. Let Td(k, β) = {x ∈ Hd : ∀i, xi ∈
{c, c + β}, |N(x, c)| = k}, where N(x, a) = {i : xi = a} and c = (1 − (d + 1 − k)β)/(d + 1).
Suppose Rd ∪ {x} has only two distances
√
2,
√
α for x ∈ Td(k, β). Then the following follow.
(1) Suppose s ≥ 2 satisfies α/2 = (s − 1)/s, namely the LRS ratio is s. Then 2 ≤ k ≤ d,
k 6= s2, β = −1/s, and
d = k + s2 − 2s − 1 + s
2(s− 1)2
k − s2 . (3.1)
(2) Suppose s ≥ 2 satisfies 2/α = (s − 1)/s, namely the LRS ratio is s. Then 2 ≤ k ≤ d,
d+ 2 ≥ k + s, k 6= (s− 1)2, β = 1/(s − 1), and
d = k + s2 − 2 + s
2(s− 1)2
k − (s− 1)2 . (3.2)
Proof. Since Rd ∪ {x} is a 2-distance set, β can be expressed by d and k by Proposition 2.1.
(1) Suppose α/2 = (s − 1)/s, namely β = (α − 2)/2 = −1/s < 0. For k = 1, we have
β = 1 + 2/d > 0, which contradicts β < 0. For k = d+ 1, we have
β = − d+ 2
2(d+ 1)
= −1
s
,
which is deformed to (s − 2)d = 2 − 2s. For s ≥ 2, we have (s − 2)d ≥ 0 and 2 − 2s < 0, a
contradiction. For 2 ≤ k ≤ d, we have
β =
k −√k(d+ 1)(d+ 2− k)
k(d+ 1− k) = −
1
s
,
which is deformed to
(
(k − s2)d− (k2 − (2s + 1)k + 2s2))(d− (k − 1)) = 0. (3.3)
Since k 6= d+ 1, we have
d =
k2 − (2s+ 1)k + 2s2
k − s2 = k + s
2 − 2s − 1 + s
2(s− 1)2
k − s2
for k 6= s2. For k = s2, we have k2− (2s+1)k+2s2 = s2(s− 1)2 6= 0, which contradicts (3.3).
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(2) Suppose 2/α = (s − 1)/s, namely β = (α − 2)/2 = 1/(s − 1) > 0. For k = 1, we
have β = 1 + 2/d = 1/(s − 1). It is deformed to s = 1 + d/(d + 2) < 2, a contradiction. For
k = d+ 1, we have
β = − d+ 2
2(d+ 1)
< 0,
which contradicts β > 0. For 2 ≤ k ≤ d, we have
β =
k +
√
k(d+ 1)(d + 2− k)
k(d+ 1− k) =
1
s− 1 ,
which is deformed to
(
(k − (s− 1)2)d− (k2 + (2s − 3)k + 2(s− 1)2))(d− (k − 1)) = 0 (3.4)
with d+ 2 ≥ k + s. Since k 6= d+ 1, we have
d =
k2 + (2s − 3)k + 2(s− 1)2
k − (s − 1)2 = k + s
2 − 2 + s
2(s− 1)2
k − (s− 1)2
for k 6= (s− 1)2. For k = (s− 1)2, we have k2 + (2s− 3)k +2(s− 1)2 = s2(s− 1)2 6= 0, which
contradicts (3.4).
Corollary 3.2. Let Td(k, β) and Rd be defined as in Theorem 3.1. Let s be an integer at least
2, and x ∈ Td(k, β). Then there exist finitely many choices of (d, k, β) such that Rd ∪ {x} is
a 2-distance set with LRS ratio s.
Proof. Since Rd ∪ {x} is a 2-distance set, β can be expressed by d and k by Proposition 2.1.
By Theorem 3.1, (d, k) satisfies (3.1) or (3.2). Since d is an integer, s2(s− 1)2 can be divided
by k − s2 or k − (s− 1)2. This implies the assertion.
Let X be a 2-distance set in Rd containing the regular simplex. If |X| ≥ 2d+ 2, then the
LRS ratio s is an integer. This implies that for given integer s, there are finitely many pairs
(d, k) by Corollary 3.2.
Lemma 3.3. Let Td(k, β) and Rd be defined as in Theorem 3.1. Let x = (x1, . . . , xd+1),y =
(y1, . . . , yd+1) ∈ Td(k, β) with x 6= y and l(x,y) = |{i | xi 6= yi}|/2.
(1) Suppose α < 2. The set Rd ∪ {x,y} has only two distances
√
2,
√
α and the LRS ratio
s is an integer if and only if (d, k) satisfies equation (3.1), β = −1/s, and l(x,y) ∈
{s2, s(s− 1)}.
(2) Suppose α > 2. The set Rd ∪ {x,y} has only two distances
√
2,
√
α and the LRS
ratio s is an integer if and only if (d, k) satisfies equation (3.2), β = 1/(s − 1) and
l(x,y) ∈ {(s − 1)2, s(s− 1)}.
Proof. By Theorem 3.1 and Proposition 2.2, the assertion follows.
There are at most 2 choices of k for fixed d and s from Theorem 3.1.
Lemma 3.4. (1) Let d(k) = k+ s2− 2s− 1+ s2(s− 1)2/(k− s2) and k′ = s2(s− 1)2/(k−
s2) + s2. Then d(k′) = d(k) holds.
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(2) Let d(k) = k+s2−2+s2(s−1)2/(k−(s−1)2) and k′ = s2(s−1)2/(k−(s−1)2)+(s−1)2.
Then d(k′) = d(k) holds.
Proof. By direct calculation, we can prove d(k′) = d(k).
We show an equivalent condition for 2 vectors x ∈ Td(k, β) and y ∈ Td(k′, β) to be
simultaneously added to Rd.
Lemma 3.5. Let Td(k, β) and Rd be defined as in Theorem 3.1. Let x = (x1, . . . , xd+1) ∈
Td(k, β), y = (y1, . . . , yd+1) ∈ Td(k′, β) and m(x,y) = |{i : xi = c, yi = c′}|, where c =
(1− (d+ 1− k)β)/(d + 1) and c′ = (1− (d+ 1− k′)β)/(d + 1).
(1) Suppose 2 < α. The set Rd ∪ {x,y} has only two distances
√
2,
√
α and the LRS
ratio s is an integer if and only if (d, k) satisfies equation (3.1), β = −1/s, k′ =
s2(s− 1)2/(k − s2) + s2, and m(x,y) ∈ {s2, s(s− 1)}.
(2) Suppose 2 > α. The set Rd ∪ {x,y} has only two distances
√
2,
√
α and the LRS
ratio s is an integer if and only if (d, k) satisfies equation (3.2), β = 1/(s − 1), k′ =
s2(s− 1)2/(k − (s− 1)2) + (s− 1)2, and m(x,y) ∈ {(s− 1)2, s(s − 1)}.
Proof. (1) By direct calculations, the square of the distance between x ∈ Td(k, β) and y ∈
Td(k
′, β) is equal to −2m/s2 − 2/s+ 4. Since it should be 2 or α, the assertion follows.
(2) By direct calculations, the square of the distance between x ∈ Td(k, β) and y ∈
Td(k
′, β) is equal to −2m/(s − 1)2 − 2/(s − 1) + 4. Since it should be 2 or α, the assertion
follows.
We give several maximal 2-distance setsX containing Rd with |X| ≥ 2d+2 in the following
subsections.
3.1 LRS ratio s = 2, distances 1,
√
2
By Theorem 3.1, d = k − 1 + 4/(k − 4). Since d, k are natural numbers, the possible (d, k)
are (7, 6), (8, 5), or (8, 8). The set Td(k, β) is identified with the Johnson scheme J(d+ 1, k),
which is the set of all k-subsets in a (d+1)-point set equipped with the distance l(x,y). Here
J(d+1, k) can be identified with a set of (0, 1)-vectors in Rd+1 with k ones. When d+1 < 2k
holds, we use J(d+ 1, k′) instead of J(d+ 1, k), where k′ = d+ 1− k. We would like to find
the largest subset Y of J(d+ 1, k) with l(x,y) ∈ {2, 4} considering Lemma 3.3.
For (d, k) = (7, 6), we consider a subset Y of J(8, 2) with l(x,y) ∈ {2, 4}. Since l(x,y) = 2
for any x,y ∈ Y with x 6= y, it follows that |Y | ≤ 4. This implies that |Rd ∪ Y | ≤ 12, which
is smaller than 2d + 2. Therefore for (d, k) = (7, 6) there does not exist a 2-distance set X
such that X contains Rd and |X| ≥ 2d+ 2.
For (d, k) = (8, 8), we consider a subset Y of J(9, 1) with l(x,y) ∈ {2, 4}. Since l(x,y) ∈
{2, 4} is impossible, we can not add 2 vectors in Td(k, β) to Rd. This implies that |Rd∪Y | ≤ 10,
which is smaller than 2d + 2. Therefore, for (d, k) = (8, 8) there does not exist a 2-distance
set X such that X contains Rd and |X| ≥ 2d+ 2.
For (d, k) = (8, 5), we consider a subset of J(9, 4) with l(x,y) ∈ {2, 4}. Let Y be a largest
subset of J(9, 4) with l(x,y) ∈ {2, 4}. The following lemma is used to determine Y .
Lemma 3.6. Let J(n, k) be the Johnson scheme with distance function l(x,y) for n ≥ 2k.
Let X be a subset of J(n, k). Suppose X has only distance k− t for some t. If nt ≥ k2 holds,
then |X| ≤ n− 1.
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Proof. Let H be the hyperplane which is perpendicular to the all-ones vector and contains
the origin. Let f be the projection map from J(n, k) to H defined by
f : (1, . . . , 1︸ ︷︷ ︸
k
, 0, . . . , 0︸ ︷︷ ︸
n−k
) 7→ 1
n
(n− k, . . . , n− k︸ ︷︷ ︸
k
,−k, . . . ,−k︸ ︷︷ ︸
n−k
).
Since l(x,y) = k−t for x,y ∈ X with x 6= y, we have (f(x), f(y)) = t−k2/n, where (, ) is the
usual inner product of Rn. Note that f(X) is a 1-distance set in Sn−1 ⊂ H. If t− k2/n ≥ 0
holds, then the central angle of any two vectors in f(X) is at most pi/2. Therefore f(X) is not
the (n − 1)-dimensional regular simplex, which has central angle arccos(−1/(n − 1)) > pi/2.
This implies |X| = |f(X)| ≤ n− 1.
If Y has only distance l(x,y) = 2, then |Y | ≤ 8 by Lemma 3.6, and hence |Rd∪Y | ≤ 17 <
2d+ 2. The set Y may contain x = (1, 1, 1, 1, 0, 0, 0, 0, 0),y = (0, 0, 0, 0, 1, 1, 1, 1, 0) ∈ J(9, 4),
which satisfy l(x,y) = 4. If the last entry of a vector z ∈ J(9, 4) is 1, then l(x, z) and l(y, z)
are not in {2, 4} simultaneously. This implies that Y can be identified with a subset of J(8, 4).
Since there does not exist z ∈ Y ⊂ J(8, 4) with z 6= x,y such that l(x, z) = 4 or l(y, z) = 4,
the graph G = (Y,E) with E = {(x,y) : l(x,y) = 4} is bipartite. A part of G is a subset Z
of Y that has only distance l(x,y) = 2. Since Y can be identified with a subset of J(8, 4), we
have |Z| ≤ 7 by Lemma 3.6. Therefore Y = Z ∪ Z¯ is largest, where
Z = {(1, 1, 1, 1, 0, 0, 0, 0, 0), (1, 1, 0, 0, 1, 1, 0, 0, 0), (1, 0, 1, 0, 1, 0, 1, 0, 0),
(1, 0, 0, 1, 1, 0, 0, 1, 0), (1, 1, 0, 0, 0, 0, 1, 1, 0, 0), (1, 0, 1, 0, 0, 1, 0, 1, 0), (1, 0, 0, 1, 0, 1, 1, 0, 0)}
and
Z = {(0, 0, 0, 0, 1, 1, 1, 1, 0), (0, 0, 1, 1, 0, 0, 1, 1, 0), (0, 1, 0, 1, 0, 1, 0, 1, 0),
(0, 1, 1, 0, 0, 1, 1, 0, 0), (0, 0, 1, 1, 1, 1, 0, 0, 0), (0, 1, 0, 1, 1, 0, 1, 0, 0), (0, 1, 1, 0, 1, 0, 0, 1, 0)}.
These sets are obtained from the Hadamard matrix of order 8, and the set Y is unique up to
permutations of coordinates. The set Y can be identified with a subset of T8(5,−1/2). Each
point in Y has the last coordinate 1/3. Let z ∈ T8(8,−1/2) be the point that has the last
coordinate −1/3. The set R8 ∪ Y ∪ {z} is a maximal 2-distance set with 24 points.
3.2 LRS ratio s = 2, distances
√
2, 2
By Theorem 3.1, d = k + 2 + 4/(k − 1). Since d, k are natural numbers, the possible (d, k)
are (7, 3), (8, 2), or (8, 5). We would like to find the largest subset Y of J(d + 1, k) with
l(x,y) ∈ {1, 2} considering Lemma 3.3.
For (d, k) = (7, 3), we consider a subset Y of J(8, 3) with l(x,y) ∈ {1, 2}. The subset Y is
a 1-intersecting family and the size of Y is at most 21 [10, 25]. Here Y is a t-intersecting family
if |x∩y| ≥ t for any x,y ∈ Y . The unique largest set is Y = {(x1, . . . , x8) ∈ J(8, 3) | x1 = 1},
up to permutations of coordinates [10, 25]. The set R7 ∪ Y is a maximal distance set with 29
points. Indeed, R7 ∪ Y is largest in all 2-distance sets in R7 [8].
For (d, k) = (8, 2), we consider a largest subset Y of J(9, 2) with l(x,y) ∈ {1, 2}. In this
case, Y = J(9, 2). The set R8 ∪ J(9, 2), whose size is 45, is largest in all 2-distance sets in R8
[14].
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For (d, k) = (8, 5), we consider a subset Y of J(9, 4) with l(x,y) ∈ {1, 2}. Since Y is a
2-intersecting family, the unique largest set is Y = {(x1, . . . , x9) ∈ J(9, 4) | x1 = x2 = 1} [2].
The set Y can be identified with a subset of T8(5, 1). Each point z ∈ T8(2, 1) cannot be added
to R8 ∪ Y while maintaining 2-distance. Therefore R8 ∪ Y is a maximal 2-distance set with
30 points.
3.3 Adding a quasi-symmetric design
If the LRS ratio is greater than 2, it is hard to determine a largest subset of Td(k, β) with only
2 distances. We try to add the representation of a quasi-symmetric design to Rd. A quasi-
symmetric design is a combinatorial design whose blocks has only two intersections [16, 19].
The block set of a quasi-symmetric design is identified with a subset of the Johnson scheme.
Namely we add the characteristic vectors of the blocks to Rd. The block graph of a quasi-
symmetric design is a strongly regular graph. The characteristic vectors of the blocks are the
Euclidean representation of the corresponding strongly regular graph. The LRS ratio s of the
representation is equal to the absolute value of the smallest eigenvalue of the strongly regular
graph [3]. For s = 3, a quasi-symmetric design whose block graph has smallest eigenvalue −3
is investigated in [18]. After modifying the representation of a quasi-symmetric design with
eigenvalue −3, we can add the set to Rd.
3.3.1 Strongly resolvable design
A strongly resolvable design is a quasi-symmetric design whose block graph is the complete
multipartite regular graph. For prime power s, a strongly resolvable 2-(s3, s2, s+1) design is
obtained from the affine space AG(3, s). The point set of AG(3, s) is F3s, where Fs is the finite
field of order s. The block set B of AG(3, s) is the union of the all cosets of the 2-dimensional
subspaces of Fs, and its size is s
3 + s2 + s. The distance l(x,y) is s2 or s(s − 1) for any
x,y ∈ B with x 6= y.
By Theorem 3.1, for α < 2 and k = s2+s−1, we have β = −1/s and d+1 = (s−1)(s+1)2.
By Lemma 3.3, if distinct vectors x,y ∈ J(d + 1, k) can be added to Rd, then l(x,y) ∈
{s2, s(s − 1)}, where J(d + 1, k) is identified with Td(k, β). For the block set B of AG(3, s),
we define
B′ = {(1, . . . , 1︸ ︷︷ ︸
s−1
, 0, . . . , 0︸ ︷︷ ︸
s2−2s
,b) : b ∈ B} ⊂ J(d+ 1, k). (3.5)
By Lemma 3.3, Rd∪B′ is a 2-distance set. For d+1 = (s−1)(s+1)2, we have another choice
of k, namely k′ = s3 by Lemma 3.1. The vector x0 ∈ Td(k′, β) is defined to be the vector
corresponding to
x0 = (0, . . . , 0︸ ︷︷ ︸
s2−s−1
, 1, . . . , 1︸ ︷︷ ︸
s3
) ∈ J(d+ 1, k′). (3.6)
By Lemma 3.5, the set Rd ∪ B′ ∪ {x0} is a 2-distance set with 2s2(s + 1) points, and |Rd ∪
B′ ∪ {x0}| ≥ 2d+ 2.
We use the following lemma in order to show the maximality of Rd ∪B′ ∪ {x0}.
Lemma 3.7. Let s be an integer at least 2. Let a, b be non-negative integers such that
a − b = s and b < s. Let (P,B) be a strongly resolvable 2-(s3, s2, s + 1) design, which is a
quasi-symmetric design such that |X ∩Y | = {0, s} for any X,Y ∈ B with X 6= Y . Then there
does not exist a non-empty subset X of P such that |X ∩ Y | ∈ {a, b} for each Y ∈ B.
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Proof. Assume X is a subset of P such that |X ∩ Y | ∈ {a, b} for each Y ∈ B. Since the 2-
(s3, s2, s+1) design is strongly resolvable, there exist s blocks Y1, . . . , Ys such that P =
⊔s
i=1 Yi,
that is disjoint union. Let Xi = X ∩ Yi. Suppose |Xi| = a for 1 ≤ i ≤ t, and |Xi| = b for
t+1 ≤ i ≤ s. For fixed x0 ∈ X1, there exist s(s+1) blocks that contain x0 except for Y1. Let
C = {Z1, . . . , Zm} be the set of the s(s+1) blocks, where m = s(s+1). Suppose |X ∩Zi| = a
for 1 ≤ i ≤ u, and |X ∩Zi| = b for u+1 ≤ i ≤ m. For each y ∈ X1 \{x0}, there exist s blocks
in C that contain y. For each z ∈ Xi with i 6= 1, there exist s+1 blocks in C that contain z.
Counting the points in X including duplication,
m∑
i=1
|X ∩ Zi| =
s∑
i=1
∑
x∈Xi
|{j : x ∈ Zj}|.
From this equality, for t 6= 0
au+ b(m− u) = s(s+ 1) + (a− 1)s+ a(s+ 1)(t− 1) + b(s+ 1)(s − t), (3.7)
and for t = 0
au+ b(m− u) = s(s+ 1) + (b− 1)s + b(s+ 1)(s − 1). (3.8)
Equation (3.7) implies that a ≡ 0 (mod s) and a ≡ u + 1 (mod s + 1). From a − b = s
and a ≡ 0 (mod s), we have b ≡ 0 (mod s). From b < s and b ≡ 0 (mod s), we have a = s
and b = 0. For each i, it follows |X ∩ Zi| ≥ 1 since x0 is in X ∩ Zi. The number of i such
that |X ∩Zi| = b is m− u. Thus b = 0 implies u = m, which contradicts 0 ≡ s(s+1) = m =
u ≡ a− 1 ≡ s− 1 (mod s+ 1).
Equation (3.8) implies that b ≡ 0 (mod s) and b ≡ u + 1 (mod s + 1). From b < s
and b ≡ 0 (mod s), we have a = s and b = 0. This implies u = m, which contradicts
0 ≡ s(s+ 1) = m = u ≡ b− 1 ≡ −1 (mod s+ 1).
The theorem therefore follows.
Theorem 3.8. Let s be a prime power, d = (s − 1)(s + 1)2 − 1, x0 defined in (3.6), and B′
defined in (3.5). Then the 2-distance set Rd ∪B′ ∪ {x0} is maximal.
Proof. Suppose x ∈ Td(k, β) can be added to Rd ∪ B′ ∪ {x0} while maintaining 2-distance,
where β = −1/s. By Lemma 3.4, for k = s2+s−1 and k′ = s3, it follows that x is in Td(k, β)
or Td(k
′, β). If x ∈ Td(k′, β) holds, then Rd ∪ {x0,x} is not two-distance. Thus x ∈ Td(k, β).
Now x is identified with a point of J(d + 1, k), and so a point y of B′ does. Then it follows
that |x ∩ y| ∈ {s − 1, 2s − 1} for each y ∈ B′ because l(x,y) ∈ {s2, s(s − 1)} by Lemma 3.3.
Let P be the point set of AG(3, s), and B the block set of AG(3, s). Let X = x ∩ P . For
some integers a, b with a− b = s and b < s, it follows that |X ∩ Z| ∈ {a, b} for each Z ∈ B.
By Lemma 3.7, there does not exist such X. This implies the assertion.
3.3.2 4-(23, 7, 1) Witt design or its complement
Let α = 3. The set Td(k, β) is identified with J(d + 1, k). Let m(x,y) = |{i | xi = yi = 1}|
for x = (x1, . . . , xd+1),y = (y1, . . . , yd+1) ∈ J(d + 1, k). If x,y ∈ J(d + 1, k) can be added
to Rd, then m(x,y) ∈ {k − 6, k − 4} by Lemma 3.3. By Theorem 3.1 (2), the dimensions
are only (d, k) = (23, 10), (24, 8), (24, 13), (26, 7), (26, 16), (31, 6), (31, 22), (48, 5), (48, 40). By
Lemma 3.5 (1), if x ∈ J(d+1, k) and y ∈ J(d+1, k′) can be added to Rd, thenm(x,y) ∈ {6, 9}.
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Let B be the block set of the 4-(23, 7, 1) Witt design [12]. The size of B is 253. Let B¯ be
the block set of the complement of the 4-(23, 7, 1) design.
(i) d = 24, k = 8, α = 3
We define
B′ = {(1, 0,b) : b ∈ B} ⊂ J(25, 8).
Note that m(x,y) ∈ {2, 4} for any x,y ∈ B′. By a computer calculation, we can show that
for each i ∈ {0, 1, 2} and each j ∈ {0, 1}, there does not exist x ∈ J(23, 8 − i) such that
m(x,y) ∈ {2− j, 4− j} for each y ∈ B. We can also show that for each i ∈ {0, 1, 2} and each
j ∈ {0, 1}, there does not exist x ∈ J(23, 13 − i) such that m(x,y) ∈ {6 − j, 9 − j} for each
y ∈ B. These imply that X = R24 ∪B′ is maximal as a 2-distance set in R24. The set X has
278 points.
(ii) d = 26, k = 7, α = 3
We define
B′ = {(0, 0, 0, 0,b) : b ∈ B} ⊂ J(27, 7).
Note that m(x,y) ∈ {1, 3} for any x,y ∈ B′. By a computer calculation, we can show that for
each i ∈ {0, 1, 2, 3, 4}, there does not exist x ∈ J(23, 7− i) such that m(x,y) ∈ {1, 3} for each
y ∈ B. We can also show that for each i ∈ {0, 1, 2, 3, 4}, there does not exist x ∈ J(23, 16− i)
such that m(x,y) ∈ {6, 9} for each y ∈ B. These imply that X = R26 ∪ B′ is maximal as a
2-distance set in R24. The set X has 280 points.
(iii) d = 26, k = 16, α = 3
We define
B¯′ = {(0, 0, 0, 0,b) : b ∈ B¯} ⊂ J(27, 16).
Note that m(x,y) ∈ {10, 12} for any x,y ∈ B¯′. By a computer calculation, we can show that
for each i ∈ {0, 1, 2, 3, 4}, there does not exist x ∈ J(23, 16 − i) such that m(x,y) ∈ {10, 12}
for each y ∈ B. We can also show that for each i ∈ {0, 1, 2, 3, 4}, there does not exist
x ∈ J(23, 7 − i) such that m(x,y) ∈ {6, 9} for each y ∈ B¯. This implies that X = R26 ∪ B¯′
is maximal as a 2-distance set in R26. The set X has 280 points. The 2-distance set X is
isometric to the set in (ii).
(iv) d = 31, k = 22, α = 3
We define
B¯′ = {(1, 1, 1, 1, 1, 1, 0, 0, 0,b) : b ∈ B¯} ⊂ J(32, 22).
Note that m(x,y) ∈ {16, 18} for any x,y ∈ B¯′. By a computer calculation, we can show that
for each i ∈ {0, 1, . . . , 9} and each j ∈ {0, 1, . . . , 6}, there does not exist x ∈ J(23, 22− i) such
that m(x,y) ∈ {16−j, 18−j} for each y ∈ B¯. We can also show that for each i ∈ {0, 1, . . . , 5}
and j ∈ {0, 1, . . . , 6}, there does not exist x ∈ J(23, 6 − i) such that m(x,y) ∈ {6 − j, 9 − j}
for each y ∈ B¯. Let
x0 = (1, 1, 1, 1, 1, 1, 0, . . . , 0︸ ︷︷ ︸
26
).
These imply that X = R31 ∪ B¯′ ∪ {x0} is maximal as a 2-distance set in R31. The set X has
286 points.
(v) d = 48, k = 40, α = 3
We define
B¯′ = {(1, . . . , 1︸ ︷︷ ︸
24
, 0, 0,b) : b ∈ B¯} ⊂ J(49, 40).
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Note that m(x,y) ∈ {34, 36} for any x,y ∈ B¯′. By a computer calculation, we can show that
for each i ∈ {1, 2, . . . , 9} and j ∈ {20, 21, 22, 23, 24}, there does not exist x ∈ J(23, 23−i) such
that m(x,y) ∈ {34 − j, 36 − j} for each y ∈ B¯. There does not exist x ∈ J(49, 5) such that
m(x,y) ∈ {6, 9} for each y ∈ B¯′. These imply that X = R48 ∪ B¯′ is maximal as a 2-distance
set in R48. The set X has 302 points.
3.3.3 3-(22, 6, 1) Witt design, d = 31, k = 6, α = 3
Let B be the block set of the complement of the 3-(22, 6, 1) Witt design [12]. The size of B
is 77. We define
B′ = {(0, . . . , 0︸ ︷︷ ︸
10
,b) : b ∈ B} ⊂ J(32, 6).
Note that m(x,y) ∈ {0, 2} for any x,y ∈ B′. By a computer calculation, we can show that for
each i ∈ {0, 1, . . . , 5}, there does not exist x ∈ J(22, 6− i) such that m(x,y) ∈ {0, 2} for each
y ∈ B. We can also show that for each i ∈ {1, . . . , 10}, there does not exist x ∈ J(22, 22 − i)
such that m(x,y) ∈ {6, 9} for each y ∈ B. Let
x0 = (0, . . . , 0︸ ︷︷ ︸
10
, 1, . . . , 1︸ ︷︷ ︸
22
).
These imply that X = R31 ∪B′ ∪ {x0} is maximal as a 2-distance set in R31. The set X has
110 points.
3.3.4 2-(21, 7, 12) design, d = 23, k = 10, α = 3
Let B be the block set of the 2-(21, 7, 12) design [12, 23]. The size of B is 120. We define
B′ = {(1, 1, 1,b) : b ∈ B} ⊂ J(24, 10).
Note that m(x,y) ∈ {4, 6} for any x,y ∈ B′. By a computer calculation, we can show that
for each i ∈ {0, 1, 2, 3} and each j ∈ {0, 1, 2, 3}, there does not exist x ∈ J(21, 10 − i) such
that m(x,y) ∈ {4 − j, 6 − j} for each y ∈ B. This implies that X = R23 ∪B′ is maximal as
a 2-distance set in R23. The set X has 144 points.
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